
ASYMPTOTIC ANALYSIS OF THE SOLUTION
OF THE PROBLEM OF NONSTATIONARY HEAT
CONDUCTION OF LAMINAR ANISOTROPIC
INHOMOGENEOUS PLATES FOR SMALL BIOT
NUMBERS ON FACES

Yu. V. Nemirovskii and A. P. Yankovskii UDC 536.21

The external asymptotic expansion of the solution of the problem of nonstationary heat conduction of laminar
anisotropic inhomogeneous plates for small Biot numbers on faces has been constructed. The resulting two-di-
mensional resolving equations have been analyzed; the asymptotic properties of solutions of the heat-conduc-
tion problem have been investigated.

Introduction. The present work is a continuation of the investigations of [1–3] where the asymptotic expan-
sions of the solution of a stationary problem of heat conduction of thin single-layer and laminar plates in a small pa-
rameter which is the ratio of the thickness of the structure to its characteristic dimension in plan were constructed.
This investigation seeks to construct the asymptotic expansion of the solution of the problem of nonstationary heat
conduction of laminar anisotropic plates with boundary conditions of the second and third kind on faces under the as-
sumption that the Biot numbers on these faces are small compared to unity. Such a solution, in particular, will make
it possible to evaluate the degree of accuracy with which a constant temperature or that distributed by the linear,
square, and other laws over the thickness and layers of the plate can be prescribed in a thin-walled laminar structure
beyond the boundary layer.

Formulation of the Problem of Heat Conduction of Laminar Plates. Let us consider a plate of constant
thickness, which consists of M anisotropic inhomogeneous layers of a constant thickness, too. We tie a rectangular
Cartesian coordinate system x

_
1, x

_
2, x

_
3 to the plate so that the reference plane x

_
3 = 0 is coincident with the lower face

plane of the plate. We number all layers successively from bottom to top, i.e., the first layer will be the lower layer,
whereas the Mth layer will be the upper one. The conditions of ideal thermal contact are observed at the boundaries
between the layers.

Let us introduce into consideration dimensionless variables, functions, and quantities:

xi = x
_

i
 ⁄ a   (i = 1, 2) ,   x3 = x

_
3
 ⁄ H
__

   (0 ≤ x3 ≤ 1) ,   t = t
_
 ⁄ t
_
∗   (t

_
∗ > 0) ,

T
 (m)

 = T
__

 (m) ⁄ T
__
∗ ,   λij

(m)
 = λ

__
ij
 (m) ⁄ λ

__
∗   (i, j = 1, 2, 3) ,   Q(m)

 = Q
__

 (m)
a

2 ⁄ (λ
__
∗T
__
∗) ,

T∞
 (�)

 = T
__
∞
 (�) ⁄ T

__
∗ ,   Q

(�)
 = Q

__
 (�)

a ⁄ (λ
__
∗T
__
∗) ,   α(�) = α

__
(�)a

 ⁄ λ
__
∗ ,   T∞ = T

__
∞

 ⁄ T
__
∗ ,   T0 = T

__
0
 ⁄ T
__
∗ , (1)

qn
(m)

 = q
_

n
 (m)

a ⁄ (λ
__
∗T
__
∗) ,   α

(m)
 = α

__ (m)
a ⁄ λ

__
∗ ,    C

 (m)
 = c

_ (m)ρ
__ (m)

a
2 ⁄ (λ

__
∗t
_
∗) ,   t0 = t

_
0
 ⁄ t
_
∗ ,

Hm = H
__

m
 ⁄ H
__

   (1 ≤ m ≤ M) ,   H0 = 0 ,   HM = 1 ,   ε = H
__

 ⁄ a .

The nonstationary problem of heat conduction of the laminar  plate with account for  (1) is descr ibed by
the following dimensionless equations and relations: the equation of heat conduction of the mth layer
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ε2
C

 (m)∂tT
 (m)

 = ε2
L2
(m)

 (T (m)) + εL1
(m)

 (T (m)) + ∂3 ⎛⎜⎝
λ33
(m)∂3T

 (m)⎞⎟⎠
 + ε2

Q
(m)

 (x, t) ,   x = �x1, x2, x3� , (2)

where

L1
(m)

 (T (m)) � ∂1 ⎛⎜⎝
λ13
(m)∂3T

 (m)⎞⎟⎠
 + ∂2 ⎛⎜⎝

λ23
(m)∂3T

 (m)⎞⎟⎠
 + ∂3 ⎛⎜⎝

λ31
(m)∂1T

 (m)
 + λ32

(m)∂2T
 (m)⎞⎟⎠

 ;

(3)

L2
(m)

 (T (m)) � ∂1 ⎛⎜⎝
λ11
(m)∂1T

 (m)
 + λ12

(m)∂2T
 (m)⎞⎟⎠

 + ∂2 ⎛⎜⎝
λ21
(m)∂1T

 (m)
 + λ22

(m)∂2T
 (m)⎞⎟⎠

 ;

the conditions of conjugation of the solution for the heat flux and temperature on the surfaces x3 = Hm of contact of
the mth and (m + 1)th layers

ε ⎛⎜⎝
λ31
(m)∂1T

 (m)
 + λ32

(m)∂2T
 (m)⎞⎟⎠

 + λ33
(m)∂3T

 (m)
 = ε ⎛⎜⎝

λ31
(n)∂1T

 (n)
 + λ32

(n)∂2T
 (n)⎞⎟⎠

 

+ λ33
(n)∂3T

 (n)
 ,   T

 (m)
 = T

 (n)
 ,   x3 = Hm ,   (x1, x2) � G ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ; (4)

the boundary conditions of the general form that are specified on the faces of the plate:

β(−) ⎡⎢⎣
ε ⎛⎜⎝

λ31
(1)∂1T

 (1)
 + λ32

(1)∂2T
 (1)⎞⎟⎠

 + λ33
(1)∂3T

 (1)⎤⎥⎦
 = εγ(−)Q(−)

 + εδ(−)α(−) 
⎛⎜⎝
T

 (1)
 − T∞

 (−)⎞⎟⎠
 ,   x3 = 0 ,   (x1, x2) � G ,

− β(+) ⎡⎢⎣
ε ⎛⎜⎝

λ31
(M)∂1T

 (M)(1)
 + λ32

(M)∂2T
 (M)⎞⎟⎠

 + λ33
(M)∂3T

 (M)⎤⎥⎦
 = εγ(+)Q(+)

 + εδ(+)α(+) 
⎛⎜⎝
T

 (M)
 − T∞

 (+)⎞⎟⎠
 ,

(5)

x3 = HM ,   (x1, x2) � G ;

the boundary conditions specified on the end surface (edge) of the plate:

− βε ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lT

 (m)
 − β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 ∂3T
 (m)

 = εγqn
(m)

 

+ εδα(m)
 ⎛⎜⎝

T
 (m)

 − T∞
⎞⎟⎠
 ,   (x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   t ≥ t0 ,   1 ≤ m ≤ M , (6)

and the initial condition at the instant of time t = t0:

T
 (m)

 (x, t0) = T0
 (m)

 (x) ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M . (7)

If it is assumed that the variation in the small geometric parameter ε corresponds to the change in the plate
thickness H

__
 (the quantities H

__
m vary in proportion to the change in H

__
, i.e., Hm = H

__
m

 ⁄ H
__

 = const) with a fixed geome-
try of the structure in plan (with a fixed characteristic dimension a), the basic functions and quantities given in (1)
have the following asymptotic properties:

λij
(m)

 = O (1)   (i, j = 1, 2, 3) ,   Q(m)
 = O (1) ,   T∞

 (�)
 = O (1) ,   Q(+)

 = O (1) ,   T∞ = O (1) ,

qn
(m)

 = O (1) ,   α(m)
 = O (1) ,   C (m)

 = O (1) ,   T0
 (m)

 = O (1)   for   ε → 0 .

(8)

In boundary conditions of the general form (5), the dimensionless coefficients α(�) characterizing the Biot
number [1] on the faces can be of the order of unity or can be larger or small quantities compared to unity [3, 4].

Asymptotic Analysis of the Problem of Heat Conduction of Laminar Plates. In what follows, we will con-
sider the case where the Biot numbers α(+) and α(−) are small independent parameters on both faces (we should take
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β(�) = 1 in (5)). Since α(+) and α(−) appear only in boundary conditions (5) and are factors of the functions T(1) and
T(M) rather than of their derivatives and the asymptotic properties analogous to (8) for α(+) → 0 and α(−) → 0 hold for
the basic functions and quantities given in (1), the boundary-value problem (2)–(7) is a problem with a regular pertur-
bation in parameters α(+) and α(−). To simplify the solution of this initial boundary-value problem we use the asymp-
totic expansion

T
 (m)

 (x1, x2, x3, t) � ∑ 
i=0

∞

 ∑ 
j=0

∞

Tij
 (m)

 (x1, x2, x3, t) α(−)
i α(+)

j
 ,   0 ≤ α(−) ,   α(+) < 1 . (9)

Substituting (9) into (2)–(7) and collecting terms with the same degrees α(−)
i α(+)

i , we obtain the following
chain of equalities:

ε2
C

 (m)∂tTij
 (m)

 = ε2
L2
(m)

 ⎛⎜⎝
Tij

 (m)⎞⎟⎠
 + εL1

(m)
 ⎛⎜⎝

Tij
 (m)⎞⎟⎠

 + ∂3 ⎛⎜⎝
λ33
(m)∂3Tij

 (m)⎞⎟⎠
 + δ0iδ0jε

2
Q
(m)

 (x, t) ; (10)

ε ⎛⎜⎝
λ31
(m)∂1Tij

 (m)
 + λ32

(m)∂2Tij
 (m)⎞⎟⎠

 + λ33
(m)∂3Tij

 (m)
 = ε ⎛⎜⎝

λ31
(n)∂1Tij

 (n)
 + λ32

(n)∂2Tij
 (n)⎞⎟⎠

 

+ λ33
(n)∂3Tij

 (n)
 ,   Tij

 (m)
 = Tij

 (n)
 ,   x3 = Hm ,   (x1, x2) � G ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ; (11)

ε ⎛⎜⎝
λ31
(1)∂1Tij

 (1)
 + λ32

(1)∂2Tij
 (1)⎞⎟⎠

 + λ33
(1)∂3Tij

 (1)
 = εδ0iδ0jγ

(−)
Q
(−)

 − εδ(−)δ1iδ0jT∞
 (−)

 

+ εδ(−)Ti−1,j
 (1)

 ,   x3 = 0 ,   − ⎡⎢⎣
ε ⎛⎜⎝

λ31
(M)∂1Tij

 (M)
 + λ32

(M)∂2Tij
 (M)⎞⎟⎠

 + λ33
(M)∂3Tij

 (M)⎤⎥⎦
 

(12)= εδ0iδ0jγ
(+)

Q
(+)

 − εδ0iδ1jδ
(+)

T∞
 (+)

 + εδ(+)Ti,j−1
 (M)

 ,   x3 = HM ,   (x1, x2) � G ;

− βε ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lTij

 (m)
 − β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 ∂3Tij
 (m)

 = εδα(m)
Tij

 (m)
 

+ εδ0iδ0j 
⎛⎜⎝
γqn

(m)
 − δα(m)

T∞
⎞⎟⎠
 ,   (x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   t ≥ t0 ,   1 ≤ m ≤ M ; (13)

Tij
 (m)

 (x, t0) = δ0iδ0jT0
 (m)

 (x) ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M ,   i, j ≥ 0 , (14)

where δkl is the Kronecker symbol. In the first equality of (12) for i = 0 and in the second equality of (12) for j = 0,
we should allow for

T−1,j
 (m)

 � 0 ,   Ti,−1
 (m)

 � 0 ,   1 ≤ m ≤ M ,   i, j = 0, 1, 2, 3, ... . (15)

The initial boundary-value problems (10)–(14) with account for (15) can successively be integrated for all
i and j ≥ 0, i.e., we can successively determine all the coefficients of expansion (9).

The presence of the small geometric parameter ε of the higher derivatives in Eq. (10), in conjugation condi-
tions (11), and in boundary conditions (12) and (13) points to the fact that the initial boundary-value problem (10)–
(14), for any i and j ≥ 0, is a problem with singular perturbation; therefore, the solution of this problem should be
sought in the form

Tij
 (m)

 = T∗ij
 (m)

 + Tτij
 (m)

 + Tbij
 (m)

 ,   1 ≤ m ≤ M ,   i, j = 0, 1, 2, 3, ... , (16)
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where T∗ij
(m) is the external asymptotic expansion of the function Tij

(m), which characterizes the basic temperature field in
the mth layer, Tτij

(m) is the correction to the external expansion in the vicinity of the initial instant of time t = t0, and
Tbij
(m) is the correction to the external expansion in the boundary layer in the vicinity of the plate’s end surface.

In what follows, the present investigation seeks to determine the external asymptotic expansion T∗ij
(m). To obtain

a noncontradictory chain of equalities for determining T∗ij
(m) we should prescribe the asymptotic expansion in the form

T∗ij
 (m)

 (x1, x2, x3, t) � 
1

εi+j+1
  ∑ 

k=0

∞

 Tijk
 (m)

 (x1, x2, x3, t) εk
 ,   1 ≤ m ≤ M ,   i, j ≥ 0 . (17)

Let us substitute (17) into (10)–(14) and collect terms with the same degrees of ε; then we obtain the following chain
of equalities for determination of the functions Tijk

(m)(x, t):

∂3 ⎛⎜⎝
λ33
(m)∂3Tij0

 (m)⎞⎟⎠
 = 0 ,   1 ≤ m ≤ M ; (18)

λ33
(m)∂3Tij0

 (m)
 = λ33

(n)∂3Tij0
 (n)

 ,   Tij0
 (m)

 (x, t) = Tij0
 (n)

 (x, t) ,   x3 = Hm ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ; (19)

λ33
(1)∂3Tij0

 (1)
 = 0,   x3 = 0 ,   − λ33

(M)∂3Tij0
 (M)

 = 0 ,   x3 = HM ,   (x1, x2) � G ; (20)

− β ⎛⎜⎝
n1λ13

(m)
 + n2λ23

(m)⎞⎟⎠
 ∂3Tij0

 (m)
 = 0 ,   (x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   1 ≤ m ≤ M ; (21)

Tij0
 (m)

 (x, t0) = 0 ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M ; (22)

∂3 ⎛⎜⎝
λ33
(m)∂3Tij1

 (m)⎞⎟⎠
 + L1

(m)
 ⎛⎜⎝

Tij0
 (m)⎞⎟⎠

 = 0 ,   1 ≤ m ≤ M ; (23)

λ33
(m)∂3Tij1

 (m)
 + λ31

(m)∂1Tij0
 (m)

 + λ32
(m)∂2Tij0

 (m)
 = λ33

(n)∂3Tij1
 (n)

 + λ31
(n)∂1Tij0

 (n)
 + λ32

(n)∂2Tij0
 (n)

 ,

Tij1
 (m)

 (x, t) = Tij1
 (n)

 (x, t) ,   x3 = Hm ,   (x1, x2) � G ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ;

(24)

λ33
(1)∂3Tij1

 (1)
 + λ31

(1)∂1Tij0
 (1)

 + λ32
(1)∂2Tij0

 (1)
 = 0 ,   x3 = 0 ,

− ⎛⎜⎝
λ33
(M)∂3Tij1

 (M)
 + λ31

(M)∂1Tij0
 (M)

 + λ32
(M)∂2Tij0

 (M)⎞⎟⎠
 = 0 ,   x3 = HM ,   (x1, x2) � G ;

(25)

− β ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lTij0

 (m)
 − β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 ∂3Tij1
 (m)

 − δα(m)
Tij0

 (m)
 = 0 ,

(x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   1 ≤ m ≤ M ;

(26)

Tij1
 (m)

 (x, t0) = δ0iδ0jT0
 (m)

 (x) ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M ; (27)

∂3 ⎛⎜⎝
λ33
(m)∂3Tij2

 (m)⎞⎟⎠
 + L1

(m)
 ⎛⎜⎝

Tij1
 (m)⎞⎟⎠

 + L2
(m)

 ⎛⎜⎝
Tij0

 (m)⎞⎟⎠
 − C

 (m)∂tTij0
 (m)

 = 0 ,   1 ≤ m ≤ M ; (28)
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λ33
(m)∂3Tij2

 (m)
 + λ31

(m)∂1Tij1
 (m)

 + λ32
(m)∂2Tij1

 (m)
 = λ33

(n)∂3Tij2
 (n)

 + λ31
(n)∂1Tij1

 (n)
 + λ32

(n)∂2Tij1
 (n)

 ,

Tij2
 (m)

 (x, t) = Tij2
 (n)

 (x, t) ,   x3 = Hm ,   (x1, x2) � G ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ;

(29)

λ33
(1)∂3Tij2

 (1)
 + λ31

(1)∂1Tij1
 (1)

 + λ32
(1)∂2Tij1

 (1)
 = δ0iδ0jγ

(−)
Q
(−)

 + δ(−)Ti−1,j,0
 (1)

 ,   x3 = 0 ,

− ⎛⎜⎝
λ33
(M)∂3Tij2

 (M)
 + λ31

(M)∂1Tij1
 (M)

 + λ32
(M)∂2Tij1

 (M)⎞⎟⎠
 = δ0iδ0jγ

(+)
Q
(+)

 + δ(+)Ti,j−1,0
 (M)

 ,   x3 = HM ,   (x1, x2) � G ;

(30)

− β ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lTij1

 (m)
 − β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 ∂3Tij2
 (m)

 − δα(m)
Tij1

 (m)
 

= δ0iδ0j 
⎛⎜⎝
γqn

(m)
 − δα(m)

T∞
⎞⎟⎠
 ,   (x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   1 ≤ m ≤ M ; (31)

Tij2
 (m)

 (x, t0) = 0 ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M ; (32)

∂3 ⎛⎜⎝
λ33
(m)∂3Tijk

 (m)⎞⎟⎠
 + L1

(m)
 ⎛⎜⎝

Tijk−1
 (m) ⎞⎟⎠

 + L2
(m)

 ⎛⎜⎝
Tijk−2

 (m) ⎞⎟⎠
 − C

 (m)∂tTijk−2
 (m)

 = − δ0iδ0jδ3kQ
(m)

 (x, t) ; (33)

λ33
(m)∂3Tijk

 (m)
 + λ31

(m)∂1Tijk−1
 (m)

 + λ32
(m)∂2Tijk−1

 (m)
 = λ33

(n)∂3Tijk
 (n)

 + λ31
(n)∂1Tijk−1

 (n)
 + λ32

(n)∂2Tijk−1
 (n)

 ,

Tijk
 (m)

 (x, t) = Tijk
 (n)

 (x, t) ,   x3 = Hm ,   (x1, x2) � G ,   n = m + 1 ,   1 ≤ m ≤ M − 1 ;

(34)

λ33
(1)∂3Tijk

 (1)
 + λ31

(1)∂1Tijk−1
 (1)

 + λ32
(1)∂2Tijk−1

 (1)
 = δ(−)Ti−1,j,k−2

 (1)
 − δ1iδ0jδ3kδ

(−)
T∞

 (−)
 ,   x3 = 0 ,

− ⎛⎜⎝
λ33
(M)∂3Tijk

 (M)
 + λ31

(M)∂1Tijk−1
 (M)

 + λ32
(M)∂2Tijk−1

 (M) ⎞⎟⎠
 = δ(+)Ti,j−1,k−2

 (M)
 − δ0iδ1jδ3kδ

(+)
T∞

 (+)
 ,   x3 = HM ,   (x1, x2) � G ;

(35)

− β ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lTijk−1

 (m)
 − β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 ∂3Tijk
 (m)

 − δα(m)
Tijk−1

 (m)
 = 0 ,

(x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   1 ≤ m ≤ M ,   k = 3, 4, 5, ... ;

(36)

Tijk
 (m)

 (x, t0) = 0 ,   Hm−1 ≤ x3 ≤ Hm ,   (x1, x2) � G ,   1 ≤ m ≤ M ,   k = 3, 4, 5, ... ,   i, j = 0, 1, 2, ... ,    (37)

where, according to (15) and (17), we should allow for

T−1,j,k
 (m)

 � 0 ,   Ti,−1,k
 (m)

 � 0 ,   1 ≤ m ≤ M ,   i, j, k = 0, 1, 2, 3, ... . (38)

Let us construct the solution of system (18)–(37). Integrating Eq. (18), with account for (19) and (20) and for
λ33
(m) > 0 (by virtue of the Onsager postulate [5]), we have

Tij0
 (m)

 (x, t) = θij0 (x1, x2, t) ,   1 ≤ m ≤ M , (39)
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where θij0 is the arbitrary function to be subsequently determined. Expression (39) yields the observance of boundary
condition (21) on the plate’s edge, whereas (22), with account for (39), yields the initial condition

θij0 (x1, x2, t0) = 0,   1 ≤ m ≤ M . (40)

Integrating Eq. (23) with respect to the variable x3, with account for (39), (3), (24), and (25), we obtain

λ33
(m)∂3Tij1

 (m)
 + λ31

(m)∂1Tij0
 (m)

 + λ32
(m)∂2Tij0

 (m)
 = 0 , (41)

whence we have

Tij1
 (m)

 (x, t) = θij1 (x1, x2, t) − Fij1
 (m)

 (x, t) ,   1 ≤ m ≤ M , (42)

where

Fij1
 (m)

 (x, t) �  ∫ 
Hm−1

x3

 
λ31
(m)∂1θij0 + λ32

(m)∂2θij0

λ33
(m)

 dx3 + ∑ 
l=1

m−1

  ∫ 
Hl−1

Hl

 
λ31
(l)∂1θij0 + λ32

(l)∂2θij0

λ33
(l)  dx3 ; (43)

θij1(x1, x2, t) � Tij1
(1)(x1, x2, 0, t) is the arbitrary function to be determined. We express the derivative ∂3Tij1

(m) from (41)
and substitute it into (26); then we obtain

− β ∑ 
p=1

2

np ∑ 
l=1

2

λpl
(m)∂lθij0 + β ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

 
λ31
(m)∂1θij0 + λ32

(m)∂2θij0

λ33
(m)  

− δα(m)θij0 = 0 ,   (x1, x2) � Γ ,   Hm−1 ≤ x3 ≤ Hm ,   1 ≤ m ≤ M . (44)

Since the materials of the layers are assumed to be arbitrary (and generally irregular in thickness) and the
function θij0 is independent of the variable x3, boundary condition (44) cannot be observed accurately at all points of
the end surface of the plate; therefore, here and in what follows boundary conditions (44), (31), and (36) on the
plate’s edges will be observed in an integral sense (by integrating the above equalities over the plate’s thickness),
which is a necessary and sufficient condition for attenuation of boundary layers [1].

Integrating relation (44) over the plate’s thickness, we obtain the boundary condition on the edge for the func-
tion θij0:

β ∑ 
l=1

2

∂lθij0 ∑ 
m=1

M

  ∫ 
Hm−1

Hm

 ⎡⎢⎣
− n1λ1l

(m)
 − n2λ2l

(m)
 + λ3l

(m)
 ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

  ⁄ λ33
(m)⎤⎥⎦

 dx3 

(45)

− δθij0 ∑ 
m=1

M

  ∫ 
Hm−1

Hm

 α(m)
dx3 = 0 ,   (x1, x2) � Γ .

We substitute (42) into initial condition (27); then we obtain

θij1 (x1, x2, t0) − Fij1
 (m)

 (x, t0) = δ0iδ0jT0
 (m)

 (x) . (46)

Since the initial temperature distribution T0
(m)(x) is arbitrary, the function θij1 is independent of the variable x3

and the function Fij1
(m) of the variable x3 has quite a definite dependence (43), initial condition (46) cannot generally be

observed accurately at all points of the plate; therefore, here and in what follows initial conditions (46), (32), and (37)
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will be observed in an integral sense (by integrating these equalities over the plate’s thickness), which is a necessary and
sufficient condition for attenuation of the correction Tτij

(m) in (16) in the vicinity of the initial instant of time t0.
Integrating equality (46) over the plate’s thickness, we obtain, with allowance for HM = 1 (see (1)), the initial

condition for the function θij1:

θij1 (x1, x2, t0) = ∑ 
m=1

M

  ∫ 
Hm−1

Hm

 ⎡⎢⎣
δ0iδ0jT0

 (m)
 (x) + Fij1

 (m)
 (x, t0)

⎤⎥⎦
 dx3 ,   (x1, x2) � G . (47)

Equation (28) with account for (3), (39), and (41) can be transformed to the form

∂3 ⎛⎜⎝
λ33
(m)∂3Tij2

 (m)
 + λ31

(m)∂1Tij1
 (m)

 + λ32
(m)∂2T1

 (m)⎞⎟⎠
 = − ∑ 

l=1

2

∂l 
⎛⎜⎝
λl1
(m)∂1θij0 + λl2

(m)∂2θij0
⎞⎟⎠
 

+ ∑ 
l=1

2

∂l 
⎡⎢⎣
λl3
(m)

 ⎛⎜⎝
λ31
(m)∂1θij0 + λ32

(m)∂2θij0
⎞⎟⎠
  ⁄ λ33

(m)⎤⎥⎦
 + C

 (m)∂tθij0 .

Integrating this equation with respect to x3, with account for (29) and (39) and for the first equality of (30), we obtain

λ33
(m)∂3Tij2

 (m)
 + λ31

(m)∂1Tij1
 (m)

 + λ32
(m)∂2Tij1

 (m)
 = Qij2

(m)
 (x, t) ,  1 ≤ m ≤ M , (48)

where

Qij2
(m)

 (x, t) � δ0iδ0jγ
(−)

Q
(−)

 + δ(−)θi−1,j,0 + ∫ 
Hm−1

x3

  

⎧

⎨

⎩

⎪

⎪
 ∑ 
l=1

2

∂l 
⎡⎢⎣
λl3
(m)

 ⎛⎜⎝
λ31
(m)∂1θij0 + λ32

(m)∂2θij0
⎞⎟⎠
  ⁄ λ33

(m)⎤⎥⎦
 

(49)

−  ∑ 
l=1

2

∂l 
⎛⎜⎝
λl1
(m)∂1θij0 + λl2

(m)∂2θij0
⎞⎟⎠
 + C

 (m)∂tθij0

⎫

⎬

⎭

⎪

⎪
 dx3 + D

(m)
 (θij0) ;

the differential operator D(m)(•) has the form

D
(m)

 (•) � ∑ 
l=1

m−1

  ∫ 
Hl−1

Hl

 

⎧

⎨

⎩

⎪

⎪
 ∑ 
p=1

2

∂p ⎡⎢⎣
λp3
(l)

 ⎛⎜⎝
λ31
(l)∂1 (•) + λ32

(l)∂2 (•)⎞⎟⎠
  ⁄ λ33

(l)⎤⎥⎦
 

(50)

−  ∑ 
p=1

2

∂p ⎛⎜⎝
λp1
(l)∂1 (•) + λp2

(l)∂2 (•)⎞⎟⎠
 + C

 (m)∂t (•)
⎫

⎬

⎭

⎪

⎪
 dx3 ,   D

(1)
 (•) � 0 .

Equality (48) for  m = M and x3 = HM = 1 and the second equality of (30), with account for (49), (50), and
(39), yield

D
(M+1)

 (θij0) = − δ0iδ0j 
⎛⎜⎝
γ(−)Q(−)

 + γ(+)Q(+)⎞⎟⎠
 − δ(−)θi−1,j,0 − δ(+)θi,j−1,0 ,   (x1, x2) � G . (51)

This equation, with account for (38) and (39), determines the function θij0(x1, x2, t) for the already known θi−1,j,0 and
θi,j−1,0. Equation (51) corresponds to boundary condition (45) specified on the plate’s edge and to initial condition
(40). Knowing the function θij0 from the initial boundary-value problem (40), (45), and (51), we obtain, by virtue of
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(43), (49), and (50), the known right-hand side in (48) and function Fij1
(m)(x, t) in (42). Substituting (42) into (48), we

obtain

∂3Tij2
 (m)

 = ⎛⎜⎝
Qij2

 (m)
 (x, t) + λ31

(m)∂1Fij1
 (m)

 + λ32
(m)∂2Fij1

 (m)⎞⎟⎠
  ⁄ λ33

(m)
 − ⎛⎜⎝

λ31
(m)∂1θij1 + λ32

(m)∂2θij1
⎞⎟⎠
  ⁄ λ33

(m)
 , (52)

where the first term on the r ight-hand side is the known function. Integrating this equality with respect to x3, with account
for (29), we will have

Tij2
 (m)

 (x, t) = θij2 (x1, x2, t) − Fij2
 (m)

 (x, t) ,   1 ≤ m ≤ M , (53)

where

Fij2
 (m)

 (x, t) �  ∫ 
Hm−1

x3

 
λ31
(m)∂1θij1 + λ32

(m)∂2θij1

λ33
(m)

 dx3 + ∑ 
l=1

m−1

  ∫ 
Hl−1

Hl

 
λ31
(l)∂1θij1 + λ32

(l)∂2θij1

λ33
(l)

 dx3 

(54)

−  ∫ 
Hm−1

x3

 
Qij2
(m)

 + λ31
(m)∂1Fij1

 (m)
 + λ32

(m)∂2Fij1
 (m)

λ33
(m)

 dx3 − ∑ 
l=1

m−1

  ∫ 
Hl−1

Hl

 
Qij2
(l)

 + λ31
(l)∂1Fij1

(l)
 + λ32

(l)∂2Fij1
 (l)

λ33
(l)  dx3 ;

θij2(x1, x2, t) � Tij2
(1)(x1, x2, 0, t) is the arbitrary function to be determined.

We substitute (52) into boundary condition (31) on the edge and integrate it over the plate’s thickness with
account for (42); then we have

β ∑ 
l=1

2

∂lθij1 ∑ 
m=1

M

   ∫ 
Hm−1

Hm

 ⎡⎢⎣
− n1λ1l

(m)
 − n2λ2l

(m)
 + λ3l

(m)
 ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

  ⁄ λ33
(m)⎤⎥⎦

 dx3 

− δθij1 ∑ 
m=1

M

   ∫ 
Hm−1

Hm

 α(m)
dx3 = ∑ 

m=1

M

   ∫ 
Hm−1

Hm

  
⎡
⎢
⎣

⎢
⎢
− β ∑ 

l=1

2

nl 
⎛⎜⎝
λ1l
(m)∂1Fij1

(m)
 + λl2

(m)∂2Fij1
(m)⎞⎟⎠

 

+ β ⎛⎜⎝
n1λ13

(m)
 + n2λ23

(m)⎞⎟⎠
 ⎛⎜⎝

Qij2
(m)

 + λ31
(m)∂1Fij1

(m)
 + λ32

(m)∂2Fij1
(m)⎞⎟⎠

  ⁄ λ33
(m)

 + δ0iδ0j 
⎛⎜⎝
γqn

(m)
 − δα(m)

T∞
⎞⎟⎠
 − δα(m)

Fij1
(m)

⎤
⎥
⎦

⎥
⎥
 dx3 . (55)

We substitute (53) into initial condition (32) and integrate it over the plate’s thickness; then, with allowance
for HM = 1, we obtain

θij2 (x1, x2, t0) = ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  Fij2
 (m)

 (x, t0) dx3 ,   (x1, x2) � G .
(56)

By virtue of the formal similarity of relations (28)–(32) and (33)–(37) respectively and equalities (53), (42), and (48),
(41), we can make, for the initial boundary-value problem (33)–(37) with k ≥ 3, the assumptions

λ33
(m)∂3Tijk−1

 (m)
 + λ31

(m)∂1Tijk−2
 (m)

 + λ32
(m)∂2Tijk−2

 (m)
 = Qijk−1

(m)
 (x, t) ,   1 ≤ m ≤ M ; (57)

Tijk−2
(m)

 (x, t) = θijk−2 (x1, x2, t) − Fijk−2
(m)

 (x, t) ,   1 ≤ m ≤ M , (58)
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where Qijk−1
(m) (x, t) and Fijk−2

(m) (x, t) are assumed to be already known functions. When k = 3 the assumptions (57) and
(58) are fulfilled, since equalities (42) and (48) hold true and the functions Qij2

(m) and Fij1
(m) are known from (43) and

(49) and from the solved initial boundary-value problem (40), (45), and (51).
Let us express the derivative ∂3Tijk−1

(m)  from (57) and substitute it into Eq. (33) with account for (3); then, after
using equality (58), we obtain

∂3 ⎛⎜⎝
λ33
(m)∂3Tijk

 (m)
 + λ31

(m)∂1Tijk−1
 (m)

 + λ32
(m)∂2Tijk−1

 (m) ⎞⎟⎠
 = − δ0iδ0jδ3kQ

(m)
 (x, t) 

− ∑ 
l=1

2
⎧
⎨
⎩
∂l 
⎡⎢⎣
λl3
(m)

 ⎛⎜⎝
Qijk−1
(m)

 + λ31
(m)∂1Fijk−2

 (m)
 + λ32

(m)∂2Fijk−2
 (m) ⎞⎟⎠

  ⁄ λ33
(m)⎤⎥⎦

 − ∂l 
⎛⎜⎝
λ1l
(m)∂1Fijk−2

 (m)
 + λl2

(m)∂2Fijk−2
 (m) ⎞⎟⎠

⎫
⎬
⎭
 − C

 (m)∂tFijk−2
 (m)

 

+ ∑ 
l=1

2
⎧
⎨
⎩
∂l 
⎡⎢⎣
λl3
(m)

 ⎛⎜⎝
λ31
(m)∂1θijk−2 + λ32

(m)∂2θijk−2
⎞⎟⎠
  ⁄ λ33

(m)⎤⎥⎦
 − ∂l 

⎛⎜⎝
λ1l
(m)∂1θijk−2 + λl2

(m)∂2θijk−2
⎞⎟⎠
⎫
⎬
⎭
 + C

 (m)∂tθijk−2 .

Integrating this equation with respect to x3, with account for (34) and (35), we will have

λ33
(m)∂3Tijk

 (m)
 + λ31

(m)∂1Tijk−1
 (m)

 + λ32
(m)∂2Tijk−1

 (m)
 = Qijk

(m)
 (x, t) ,   1 ≤ m ≤ M , (59)

where

Qijk
(m)

 (x, t) � δ(−)Ti−1,j,k−2
 (1)

⏐x3=0 − δ1iδ0jδ3kδ
(−)

T∞
 (−)

 −  ∫ 
Hm−1

x3

  
⎧

⎨

⎩

⎪

⎪
δ0iδ0jδ3kQ

(m)
 (x, t) 

− ∑ 
p=1

2

∂p ⎛⎜⎝
λ1p
(m)∂1Fijk−2

 (m)
 + λp2

(m)∂2Fijk−2
 (m) ⎞⎟⎠

 + C
 (m)∂tFijk−2

 (m)
 + ∑ 

p=1

2

∂p ⎡⎢⎣
λp3
(m)

 ⎛⎜⎝
Qijk−1
(m)

 + λ31
(m)

 

× ∂1Fijk−2
 (m)

 + λ32
(m)∂2Fijk−2

 (m) ⎞⎟⎠
  ⁄ λ33

(m)
 ⎤⎥⎦
  
⎫

⎬

⎭

⎪

⎪
 dx3 − ∑ 

l=1

m−1

   ∫ 
Hl−1

Hl

 

⎧

⎨

⎩

⎪

⎪
δ0iδ0jδ3kQ

(l)
 (x, t) − ∑ 

p=1

2

∂p ⎛⎜⎝
λ1p
(l)

 

× ∂1Fijk−2
 (l)

 + λp2
(l)∂2Fijk−2

 (l) ⎞⎟⎠
 + C

 (l)∂tFijk−2
 (l)

 + ∑ 
p=1

2

∂p ⎡⎢⎣
λp3
(l)

 ⎛⎜⎝
Qijk−1
(l)

 + λ31
(l)∂1Fijk−2

 (l)
 

+ λ32
(l)∂2Fijk−2

 (l) ⎞⎟⎠
  ⁄ λ33

(l)
 ⎤⎥⎦
  

⎫

⎬

⎭

⎪

⎪
 dx3 +   ∫ 

Hm−1

x3

 
⎧

⎨

⎩

⎪

⎪
 ∑ 
p=1

2

∂p ⎡⎢⎣
λp3
(m)

 ⎛⎜⎝
λ31
(m)∂1θijk−2 + λ32

(m)∂2θijk−2
⎞⎟⎠
  ⁄ λ33

(m)⎤⎥⎦
 

− ∑ 
p=1

2

∂p ⎛⎜⎝
λ1p
(m)∂1θijk−2 + λp2

(m)∂2θijk−2
⎞⎟⎠
 + C

 (m)∂tθijk−2

⎫

⎬

⎭

⎪

⎪
 dx3 + D

(m)
 (θijk−2) ;

(60)

the differential operator D(m)(•) has been determined in (50). Relation (59) for m = M, x3 = HM = 1, and the second
equality of (35), with account for (50), yield

D
(M+1)

 (θijk−2) = − δ(−)Ti−1,j,k−2
(1)

⏐x3=0 − δ(+)Ti,j−1,k−2
(M)

⏐x3=1 + δ1iδ0jδ3kδ
(−)

T∞
(−)

 

+ δ0iδ1jδ3kδ
(+)

T∞
(+)

 +  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  

⎧

⎨

⎩

⎪

⎪
δ0iδ0jδ3kQ

(m)
 (x, t) − ∑ 

p=1

2

∂p ⎛⎜⎝
λ1p
(m)∂1Fijk−2

 (m)
 + λp2

(m)∂2Fijk−2
 (m) ⎞⎟⎠
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+ ∑ 
p=1

2

∂p ⎡⎢⎣
λp3
(m)

 ⎛⎜⎝
Qijk−1
(m)

 + λ31
(m)∂1Fijk−2

 (m)
 + λ32

(m)∂2Fijk−2
 (m) ⎞⎟⎠

  ⁄ λ33
(m)⎤⎥⎦

 + C
 (m)∂tFijk−2

 (m)
⎫

⎬

⎭

⎪

⎪
 dx3 ,   (x1, x2) � G ,   t ≥ t0 , (61)

where the right-hand side is the known function of the variables x1, x2, and t, since the function Qijk−1
(m)  and Fijk−2

(m)  are
assumed to be already known (see (57) and (58)).

When k = 3, Eq. (61) determines the function θij1(x1, x2, t) with boundary condition (55) specified on the
plate’s edge and with initial condition (47). When k ≥ 4 we obtain the boundary condition for Eq. (61)) by integrating
equality (36) over the plate’s thickness for the previous value of k (replacing k in (36) by k − 1); then, eliminating the
derivative ∂3Tijk−1

(m)  from (57) and using equality (58), we will have

β ∑ 
l=1

2

∂lθijk−2  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  ⎡⎢⎣
− n1λ1l

(m)
 − n2λ2l

(m)
 + λ3l

(m)
 ⎛⎜⎝

n1λ13
(m)

 + n2λ23
(m)⎞⎟⎠

  ⁄ λ33
(m)⎤⎥⎦

 dx3 − δθijk−2 

×  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  α(m)
dx3 =  ∑ 

m=1

M

   ∫ 
Hm−1

Hm

  
⎡
⎢
⎣

⎢
⎢
− β ∑ 

l=1

2

nl 
⎛⎜⎝
λ1l
(m)∂1Fijk−2

 (m)
 + λl2

(m)∂2Fijk−2
 (m) ⎞⎟⎠

 + β ⎛⎜⎝
n1λ13

(m)
 + n2λ23

(m)⎞⎟⎠
 

× ⎛⎜⎝
Qijk−1
(m)

 + λ31
(m)∂1Fijk−2

 (m)
 + λ32

(m)∂2Fijk−2
 (m) ⎞⎟⎠

  ⁄ λ33
(m)

 − δα(m)
Fijk−2

 (m)
⎤
⎥
⎦

⎥
⎥
 dx3 ,   k = 4, 5, 6, ... . (62)

To determine the initial condition corresponding to Eq. (61) for k ≥ 4 we substitute (58) into equality (37) (re-
placing k by k − 2 in it) and take into account that, according to the assumption made, the function Fijk−2

(m)  is already
known; then, after the integration over the plate’s thickness, we obtain

θijk−2 (x1, x2, t0) =  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  Fijk−2
 (m)

 (x, t0) dx3 ,   (x1, x2) � G ,   k = 4, 5, 6, ... . (63)

We express the derivative ∂3Tijk−1
(m)  from (57) and integrate the resulting equality with respect to x3. As a re-

sult, with account for (58), we obtain

Tijk−1
 (m)

 (x, t) = θijk−1 (x1, x2, t) − Fijk−1
 (m)

 (x, t) ,   1 ≤ m ≤ M , (64)

where

Fijk−1
 (m)

 (x, t) �  ∫ 
Hm−1

x3

 
λ31
(m)∂1θijk−2 + λ32

(m)∂2θijk−2

λ33
(m)

 dx3 

+ ∑ 
l=1

m−1

   ∫ 
Hl−1

Hl

 
λ31
(l)∂1θijk−2 + λ32

(l)∂2θijk−2

λ33
(l)

 dx3 −   ∫ 
Hm−1

x3

 
Qijk−1
(m)

 + λ31
(m)∂1Fijk−2

 (m)
 + λ32

(m)∂2Fijk−2
 (m)

λ33
(m)

 dx3 

−  ∑ 
l=1

m−1

   ∫ 
Hl−1

Hl

 
Qijk−1
(l)

 + λ31
(l)∂1Fijk−2

 (l)
 + λ32

(l)∂2Fijk−2
 (l)

λ33
(l)

 dx3 ; (65)

θijk−1(x1, x2, t) � Tijk−1
(1) (x1, x2, 0, t) is the arbitrary function to be determined. (When k = 3 equalities (64) and (65)

agree with (53) and (54) respectively.)
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Determining the function Θijk−2
(m)  from the initial boundary-value problem (61), (55), and (47) (for k = 3) or

from (61)–(63) (for k ≥ 4), we will have, by virtue of (65) and (60) and the assumptions (57) and (58), the known
functions Fijk−1

(m)  and Qijk
(m) in equalities (59) and (64) which are formally in complete agreement with (57) and (58).

Thus, the assumptions (57) and (58) also remain true for the next value of k; therefore; we can construct the solution
of the initial boundary-value problem (33)–(37) (where i and j = 0, 1, 2, ...) for a new value of k, etc. according to
the scheme (57)–(65).

The proposed algorithm of determination of the basic three-dimensional nonstationary temperature field in the
laminar anisotropic plate shows that for the unknown coefficients Tijk

(m) in the asymptotic expansion (17) to be com-
puted for each k = 0, 1, 2, ... we must integrate the two-dimensional equations (51) and (61) which differ only in the
known right-hand sides and in expanded form, by virtue of (50), appear as follows:

  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  

⎧

⎨

⎩

⎪

⎪
  ∑ 

l=1

2

∂l 
⎡⎢⎣
λl3
(m)

 ⎛⎜⎝
λ31
(m)∂1θijk−2 + λ32

(m)∂2θijk−2
⎞⎟⎠
  ⁄ λ33

(m)⎤⎥⎦
 − ∑ 

l=1

2

∂l 
⎛⎜⎝
λ1l
(m)∂1θijk−2 + λl2

(m)∂2θijk−2
⎞⎟⎠

⎫

⎬

⎭

⎪

⎪
 dx3 

= − ∂tθijk−2  ∑ 
m=1

M

   ∫ 
Hm−1

Hm

  C
 (m)

dx3 + Wk (x1, x2, t) , (66)

where Wk is determined by the right-hand side of (51) for k = 2 or by the right-hand side of (61) for k ≥ 3.
Equation (66) contains the derivative with respect to the time t just of first order and the derivatives with re-

spect to the spatial variables x1 and x2 of second order; consequently, it is a parabolic equation; the differential opera-
tor on its left-hand side is elliptic [3].

If the boundary conditions of the second kind (β(�) = γ(±) = 1 and δ(�) = 0, or α(±) = 0 in (5)) are specified
on both faces, just the first term (T(m)(x, t) = T00

(m)(x, t)) is left in the expansion (9) and the external asymptotic ex-
pansion of the temperature will be determined by relation (17) for i = j = 0. The solution of the problem in question
possesses the same asymptotic properties as those in [3] with the corresponding boundary conditions and renotation.

If we have convective heat exchange (β(�) = δ(�) = 1 in (5)) with small Biot numbers on both faces and
these numbers are of the order ε (α(�) � ε), by virtue of the expansions (9) and (17) we obtain the asymptotic prop-
erties of the basic temperature field T∗

(m) that are analogous to those given in [3] for the cases of the boundary condi-
tions of the second kind on the faces.

The external asymptotic expansion (constructed in the present work) of the temperature may lead to discrep-
ancies in boundary conditions (6) on the plate’s edges [6]; to eliminate these discrepancies we can use the regular pro-
cedure [1, 6] of introduction, in the vicinity of the contour Γ, of internal "extended" variables in the plane’s plan
which correspond to x1 and x2 and of construction of the internal asymptotic expansion for the boundary layer fol-
lowed by its joining with the external expansion. Analogously we can eliminate the discrepancies in initial conditions
(7), using the internal "extended" time variable in the vicinity of the initial instant t0 and constructing an internal as-
ymptotic expansion of the "boundary-layer" type in time followed by its joining with the external expansion. Study of
these issues is beyond the scope of the present paper because of its limited volume.

Conclusions. The external asymptotic expansion obtained above can be used in strength and compliance
analyses of thin-walled laminar structures, since the approximate theories of bending of plates used in practice (those
of Kirchhof, Timoshenko, and others [7]) give an acceptable degree of accuracy only at a certain distance from the
plate’s edges or the lines of distortion of the stressed state, i.e., beyond the boundary layer and local effects propagat-
ing deep into the structure for a distance of the order of the plate’s thickness [7]. Furthermore, the constructed asymp-
totic expansion of temperature can also be used in asymptotic analysis of the thermoelastic behavior of anisotropic
plates. Thus, it has been assumed in [8] in studying the asymptotic properties of solutions of thermoelastic problems
that the temperature in the plate beyond the boundary layer can be represented in the form of (17) for i = j = 0 but
such representation has not been strictly substantiated.

This work was carried out with financial support from the Presidium of the Siberian Branch of the Russian
Academy of Sciences (decree No. 54 of 09.02.06, project No. 2.2).
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NOTATION

a, characteristic dimensions of the region occupied by the plate in the plane of real variables x
_

1 and x
_

2, m;
c
_(m), specific heat of the material of the mth layer, J ⁄ (kg⋅K); G, region occupied by the plate in the region of dimen-
sionless variables x1 and x2 (in plan); H

__
, plate thickness, m; H

__
m = const > 0, z axis of the boundary between the mth

and (m + 1)th layers (H
__

 � 0 and H
__

M � H
__

), m; ni, components of the vector of the unit normal to the end surface of
the plate (n3 = 0); q

_
n
(m) , prescribed heat flux through the end surface of the mth layer, W ⁄ m2; Q

__
(�), projections (pre-

scribed on the faces (x
_

3 = 0 and H
__

)) of the heat-flux vector onto the direction of the outer normal, W ⁄ m2; Q
__
(m),

power density of the internal heat sources in the mth layer, W ⁄ kg; t
_
, time, sec; t

_
0, initial instant of time, sec; t

_
∗, char-

acteristic time during which the process of nonstationary heat conduction is considered (it is selected so that the di-
mensionless heat capacity C(m) has the order of unity), sec; T

__
(m), temperature of the mth layer, K; T

__
∞, temperature of

the ambient medium on the source of the end surface, K; T
__
∞
(�), temperature of the ambient medium on the source side

of the upper (+) and lower (-) faces of the plate, K; T
__

0
(m),  initial temperature distribution in the mth layer, K; T

__
∗, cer-

tain characteristic value of the structural temperature (e.g., natural-state temperature), K; α
__
(�), coefficients of convec-

tive heat exchange with the ambient medium on the upper (+) and lower (-) sides of the plate, W ⁄ (m2⋅K); α
__(m),

coefficient of heat exchange between the mth layer and the ambient medium on the end surface by the Newton law,
W ⁄ (m2⋅K); β(�), γ(�), and δ(�), switching functions making it possible to specify one type of boundary conditions or
another on the upper (+) and lower (-) faces; β, γ, and δ, switching functions making it possible to specify one type
of boundary conditions or another on the end surface; Γ, contour bounding the region G; ε, small geometric parame-
ter; λ

__
ij
(m) , thermal conductivities of the material of the mth layer (generally functions of all spatial variables),

W ⁄ (m⋅K); λ
__
∗, characteristic value of the thermal conductivity of the materials of the layers in the plate (e.g., maxi-

mum (over the layers) of the highest principal value of the thermal-conductivity tensor λ
__

ij
(m)), W ⁄ (m⋅K); ρ

__(m), bulk
density of the material of the mth layer, kg ⁄ m3; ∂i, operator of partial differentiation with respect to the dimension-
less spatial variable xi (i = 1, 2, and 3); ∂t, operator of partial differentiation with respect to the dimensionless time
t. Superscripts: (�), values of the function on the upper (+) for x

_
3 = H

__
 or lower (−) for x

_
3 = 0 faces of the plate;

*, characteristic value.
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